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1. Introduction/Background
As part of the NKS-R program in 2021, VTT, Chalmers University of Technology, and KTH
have extended the contribution to the understanding of ageing effects on Reactor pressure
vessel steels outlined in the previous summary reports dating from 2016 to 2020 [Efsing et al.
2016, 2018, 2019, 2020] regarding extraction, mechanical and microstructural testing, and
analysis of materials harvested from a retired reactor pressure vessel, RPV, from the former
Barsebäck Nuclear Power Plant. The overall objective of the study, which is a collaboration
between the Swedish and Finnish nuclear utilities, regulatory bodies and academic resources,
is to increase the current knowledgebase on the correctness of the existing surveillance
programs, as well as the influence of long time thermal ageing of materials used for large
pressure vessels in the nuclear industry such as the RPV and Pressurizer, PRZ. In 2016, a
baseline study of the mechanical properties of the used materials to prepare the basis for a test
program to analyze the as-aged material properties of the RPV from Barsebäck unit 2 was
performed. Further, the program regarding the extraction methodology and the actual
materials harvesting was outlined and initial qualification of the methodologies performed.
Baseline assessment of the mechanical properties, literature studies and gathering of
background information to support the testing of actual harvested materials was also part of
the original scope. The harvesting work has been fully financed by Ringhals AB, Forsmark
Kraftgrupp AB and OKG AB as part of an umbrella project under the auspices of Energiforsk
with Monika Adsten as the primary program manager. The work connects to the BRUTE
program, currently in progress under the Finnish state SAFIR umbrella ending 2022.
Activities from 2018 to 2020 included planning and extraction of trepans from the RPV of
Barsebäck 2, decontamination and preparation of these at Ringhals and shipping the samples
to Finland. As a pre-study a number of archive materials, both identical to the actual RPV and
other weldments produced with weld metal of the same requirements, were studied in order to
establish beginning of life micros structural and mechanical properties. The first step in the
actual testing was performed using material form the RPV head (RPVH). The objective here
was to establish a credible basis for the effect of thermal ageing in the material. In 2020,
mechanical and microstructural tests were initiated.
The initial results have shown that the impact tests and hardness measurements are
confirmative to each other, supporting suggestions made by [Efsing et al 2014] with respect to
assessment of the effect of irradiation on the tensile and fracture mechanical properties to
utilize hardness as an indicator for future test extension. Further, the microstructural
characterization of the samples was extended to include also the beltline weld and was
partially reported.
The key deliverables during BREDA-RPV 2021 are the open publications on the
microstructural assessment of material from the RPVH [Hytönen et al 2021] and the weakest
link model development of the thermally aged material [Boåsen et al 2021].
Two internal workshops have been held, one in May and one in September, via web-cast, to
summarize the results from the mechanical testing performed so far and to bring up
discussions on the continued activities in the area. The latter was initiated by Energiforsk to
ensure dissemination of the results in an effective manner. The results are summarized below.
In March, Ulla Ehrnsten presented the project including an update on the results at the Finnish
SAFIR-2022 seminar.
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KTH has completed a complementary activity studied the possibilities to reliably produce
shallow edge defects on the surface of samples for mechanical testing. This is part of a
different study but will allow for a firm foundation for future work regarding structural
integrity of real components and the effects of constraint on irradiated and thermally aged
material.
2. Preliminary mechanical test matrix for the BREDA/BRUTE project
A report describing the proposed work scope for the testing of mechanical properties of the
material harvested from Barsebäck unit 2 was developed in a draft version during 2018 and
finalized in 2019. [Boåsen 2019]. The report was transmitted to NKS as part of the reporting
2018 [Efsing et al. 2019]. According to the proposal, it is suggested that the test matrix
includes testing of miniature Compact Tension, C(T), and Single Edge Notch Bend, SE(B)
specimens to evaluate ductile and cleavage fracture behaviour and the influence of constraint
on the mechanical properties. In addition to this, the proposed testing will include Charpy-V
impact test specimens, microstructural samples, hardness measurements and tensile test
specimens to fully categorize the mechanical properties of the aged material.
The test matrix has since then been finalized by VTT and is described in the BRUTE
Summary report for 2020 [Ehrnstén 2020]. The report also describes the verification work
performed to qualify the new hot-cell laboratory of VTT for work in the area.
3. Mechanical properties of thermally and irradiation aged RPV steel from Barsebäck
unit 2
VTT has previously determined the transition curve for the reactor pressure vessel head weld
metal by performing impact tests on 23 specimens removed from the 1/4T depth from the
inner surface of the two of the delivered trepans from the RPVH. Analyses of the test results
included impact energy and crack arrest force transition curve determinations as well as
correlation evaluation between impact energy and lateral expansion and shear fracture
appearance. When compared to the baseline results, the results indicate that the shift in the
transition temperature for the weld metal is insignificant due to thermal embrittlement (280°C
for 28 years). The brittle to ductile transition temperature (DBTT) T41J was -75°C, and equal
to that of the unirradiated and unaged baseline data. The results thus show that 28 years of
operation has not changed the DBTT due to thermal ageing. The tensile properties of the
SAW weld metal from the RPVH have been determined at four different temperatures, i.e.,
room temperature, 125 C, 288 C and 300 C and results are similar to those of the baseline
results. The results from the impact toughness tests of the weld metal were confirmed in 2020
from fracture toughness testing using miniature C(T) specimens. These were cut from the
tested impact toughness test specimens, and revealed similar T0 values for the RPVH weld to
that of the base line weld.
During 2021 trepan #6 (trepan #2 by Ringhals designations), extracted from the axial beltline
weld seam W14, was characterised comprehensively at 1/4T depth. Tensile and Charpy
impact tests imply that the material properties are better, and consequently the transition
temperature lower than the as delivered baseline result in the beltline. Additionally, tensile
tests indicate discontinuity beyond the yield region. This is a possible indication of dynamic
strain aging.
Brittle fracture toughness Master curve tests confirm that the beltline weld material is
inhomogeneous in nature. Similar to the RPVH material, a multimodal Master curve model is
considered best to describe the material. The extent of the inhomogeneity is lesser in the
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beltline than in the RPVH, however. The lower confidence bound is subsequently higher,
again implicating better material in the beltline than the RPVH.
KTH has continued the effort on a weakest link model for brittle fracture that uses state of the
art Finite Element Modelling (FEM) to study the effect of constraint on thermally aged
material. The main bulk of the work is reported in [Boåsen 2021]. The framework is used in
an expansion work performed by Daniela Klein at KTH. Daniela started her work with
simulations of the proposed Round Notch Bend, RNB, specimens addressing the wish to find
a specimen that would fail by one of the two proposed mechanisms only. The tests are now
conducted, but the SEM evaluation is still pending due to the limitations set by the pandemic
situation. The plan was to do these in Finland with VTT. The investigation is necessary to
know if the initiation mechanisms proposed by Boåsen in his thesis work was predicted
correctly. The outcome of the effort will be reported in future progress reports. Additionally,
Shuyue Wang has started a complimentary project at KTH, supported by SKC, Swedish
Centre for Nuclear Technology, aiming at expanding the modelling framework into the
ductile failure regime. Thus, two further students are included in the future work and
networking.
thesis for 2021 at the annual SKC seminar in October 2021. This marks the second straight
year a Ph. D. student funded by NKS with-in the BREDA-project is awarded this price since
Kristina Lindgren, Chalmers was the recipient of the price in 2020.
The test matrix for the remainder of the project was determined. Circumferential weld seam
W16 in the beltline will be investigated similarly as the axial weld seam W14 in the same
region and W28 in the head region. Tensile tests are increased, in order to investigate possible
dynamic strain aging observed during testing of the axial beltline weld seam. Otherwise
investigations follow similar structure to the previous materials. Surveillance materials, as
well as accelerated irradiation specimens take focus once testing of W16 is finished.
Along the research done on Barsebäck 2 materials, the test methodology at VTT was further
developed in 2021. Reconstitution of new impact specimens in hot cells from previously
tested specimen halves was validated. A new tool for splitting of specimens not split
completely during testing was designed and installed. Polishing of irradiated samples for
microstructural examinations was developed, as well as GD-OES measurement, among
others. Multiple tools for in-cell usage with manipulators were introduced. All progress has
further trained the staff at VTT for expedited and secure specimen handling, testing and
examination.
4. Microstructural analysis of weld metal
So far, detailed fractographic and microstructural investigations were performed on the
impact and toughness specimens from the RPVH weld metal. Initiation at secondary particles
was observed with lower toughness values correlating to larger initiating particles. Both
broken and debonded particles were observed. The investigations revealed also an effect of
the microstructure on the toughness, being lower when initiation occurs in the re-heated
microstructure compared to as-welded microstructure. A scientific paper on the results from
the impact toughness specimens investigation is in press.
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The microstructure of the weld metal in the belt-line weld has been examined with optical
microscope, SEM and EBSD techniques. The structure is typical of high quality welds, but
there are possible small differences between the RPVH and beltline materials. EBSD
mappings illustrate several different types of ferrite formations expected in the multipass
welds. Fracture surfaces of specimens have been investigated with SEM and EDS. Similar
features are found in brittle impact and fracture toughness specimens. Typically, an inclusion
is found as the initiator but differences between RPVH and beltline fracture initiation are
observed. Further study of beltline inclusions is ongoing.
5. Microstructural assessment of aged material using Atom Probe Tomography (APT)
The earlier achieved atom probe tomography (APT) data of the beltline region of Barsebäck
RPV was further analysed. No obvious clustering was observed, but when performing some
statistical analysis of the distribution of atoms, there might be some deviations between
reference material and irradiated Barsebäck material. The extent and what this could mean in
terms of clustering will be investigated by further data investigation during the coming year.
The project on annealing and hardness measurements and correlation to APT measurements
of the Ringhals RPV surveillance and materials test reactor irradiated weld metal was
continued. This year, some more of the annealed specimen were sent to Chalmers for APT
analysis. All the new and earlier results were then summed up and written into a manuscript,
that was submitted before the end of 2021. The paper was accepted in February 2022.
In the end of 2020, Kristina Lindgren was awarded funding from Jacob Wallenbergs
Foundation to spend on research within materials science. In October 2021, she presented at
the yearly seminar for the awardees at Slottsviken, including some examples on RPV steels.
Kristina also made an on-line guest lecture at VTT on the use of APT as an analysis tool at
VTT in June 2021. Chalmers is also involved in an EU-funded program, ENTENTE, on RPV
steels.
A side note is that Chalmers will get a new APT instrument during 2022. The instrument is
called LEAP 6000 XR (from Cameca) and will be replacing the existing LEAP 3000 X HR
(Imago Scientific Instruments).
6. Conclusions
Samples have been extracted from the RPV of Barsebäck Unit 2 and those from the RPV head
included in this program has been shipped to VTT. Several mile-stones of the project were
completed in 2021, i.e. the mechanical testing of the RPVH was reported, and work on the
irradiated material from the belt line commenced.
The current state of the art regarding the influence of constraint on fracture properties have
been summarized and reviewed with the objective to lay a firm foundation for the envisaged
testing. A finite element analysis has been performed to support the forth coming mechanical
testing using fracture mechanical test techniques.
Results from the mechanical testing is starting to become available thus allowing for initial
assessments of the resulting changes in the properties. This work is foreseen to commence in
the end of 2022 extending into 2023 with expanded collaboration between the executing
partners and the industrial/regulatory partners.
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ABSTRACT
A multiple mechanism weakest link model for intergranular and transgranular brittle fracture
is developed on the basis of experimental observations of a thermally aged low alloy steel. The
model development is carried out in tandem with micro mechanical analysis of grain boundary
cracking using crystal plasticity modeling of polycrystalline aggregates with the purpose to
inform the weakest link model. The fracture modeling presented in this paper is carried out
by using a non-local porous plastic Gurson model where the void volume fraction evolution is
regularized over two separate length scales. The ductile crack growth preceding the final brittle
fracture is well predicted using this type of modeling. When applied to the brittle fracture tests,
the weakest link model predicts the fracture toughness distribution remarkably well, both in
terms of the constraint and the size effect. Included in the study is also the analysis of a reference
material.

1. Introduction
The structural integrity of a component is fundamentally dependent on the mechanical properties of the material of which
it is made. In the case of components of ferritic steels, cleavage fracture is an adverse failure mode that generally occurs at
low temperatures. At higher temperatures, such materials progressively become more ductile until the cleavage failure mode is
suppressed in its entirety. This transition is typically called the ductile-to-brittle transition and needs to be accounted for in the
design and operation of components made from ferritic steels. For components with a long design life, the risk of embrittlement of
structural materials by ageing due to environmental factors is increased. Such factors could be operating temperature, irradiation
or a reactive chemical environment. Embrittlement of ferritic steels, which typically exhibit cleavage fracture at low temperatures,
will cause an increase in the temperature at which cleavage fracture can occur. This phenomena is a characteristic for ageing of low
alloy steels in nuclear power plants whereby ageing is primarily induced by neutron irradiation (Was, 2007) and high operating
temperatures (Nanstad et al., 2018). Embrittlement by ageing in this sense is commonly divided into two groups; hardening and
non-hardening embrittlement. Hardening embrittlement occurs due to the formation of microstructural features such as solute
clusters or fine scale precipitates that impede dislocation motion, thereby increasing the yield strength of the material, resulting
in embrittlement. Non-hardening embrittlement works by decreasing the cohesive strength of prior austenite grain boundaries by
impurity segregation, thus altering the fracture path from the cleavage planes to the grain boundaries. The most common impurity
elements known to cause this phenomenon belongs to groups IV-VI in the periodic system, e.g. P, S, Sn and Si, commonly found as
trace elements in the steels considered (Briant and Banerji, 1978; Knott, 1977). Briant and Banerji (1978) also observed that with
larger grain size came a larger fraction of intergranular failure, which they discussed in terms of dilution of segregants for the case
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of smaller grains, i.e. less impurities per unit grain boundary area. Both the hardening and non-hardening mechanisms can appear
exclusive of the other or simultaneously. A recent study (Boåsen et al., 2020) of a weld metal from a decommissioned component
from a Swedish nuclear power plant subjected to thermal ageing concluded that the material had been subject to both hardening
as well as non-hardening embrittlement. Fracture toughness testing of the material revealed that multiple mechanisms for cleavage
initiation existed, giving rise to a complex bimodal toughness distribution.
For cleavage fracture to be possible, several pre-requisites needs to be fulfilled. The first being the nucleation of a micro
crack, this event typically occurs by the cracking of a second phase particle due to plastic straining of the matrix surrounding the
particle (McMahon and Cohen, 1965). For a nucleated micro crack to transition into a fully developed cleavage crack experiencing
unstable propagation it must grow in size and overcome microstructural barriers such as grain boundaries. This progression from
nucleus to self-sustained growth will only be completed when a high enough stress level is reached over a sufficiently large region
around the nucleation site. As cleavage fracture exhibits a large degree of inherent scatter, probabilistic modeling is needed to
describe its behavior. Weakest link modeling has been shown to be well suited to describe the fracture toughness associated with
cleavage fracture, examples of such models include the ones by Beremin et al. (1983), Wallin (1984), ASTM (2019a), Bordet et al.
(2005a,b), and Kroon and Faleskog (2002), Faleskog et al. (2004), Kroon et al. (2008), Boåsen et al. (2019). These models have
varying degree of complexity and different strengths, e.g. the master curve model by Wallin is based on the intensity, KI , of the crack
tip stress field and has been shown in numerous cases to well describe the strong effect of temperature on the cleavage fracture
toughness. The model by Kroon and Faleskog has been shown to capture the effects of crack tip constraint in a promising way.
However, all of the mentioned models pertain to single mechanism cleavage failure, i.e. brittle cleavage fracture initiated by one
mechanism.
Models incorporating multiple mechanism brittle fracture include the one by Yahya et al. (1998) where the studied material
displayed intergranular failure initiated at MnS-inclusions and transgranular failure initiated from a second population of microstructural features. The probabilistic model employed in their study is an extension of the Beremin model (Beremin et al., 1983). Another
multiple mechanism model is the one by Wallin et al. (2004) which is an extension of the master curve model, making it capable
of describing bimodal toughness distributions.
The material considered in this study is a multi-layer weld of a low alloy steel, where an understanding of the grain structures
is of importance. As a multi-layer weld is formed, zones of different grain structures will emerge due to the solidification and
subsequent reheating of the weld beads. As a weld bead solidifies during welding, a dendritic grain structure emerges transverse
to the welding direction. When the multi-layer weld is built up, subsequent weld beads will be laid on top of the already existing
beads, thus effectively heat treating the upper part of the weld bead below. This gives rise to a region with smaller equiaxed grains
in the bead below due to recrystallization from the locally increased temperature. As this process continues, the weld will achieve
a microstructure that has regions of dendritic grains, regions with finer grains that have been reheated once (equiaxed) and regions
that have been reheated several times (equiaxed).
This paper is concerned with a probabilistic model for multiple mechanism brittle fracture where initiation is possible from
both particle cracking as well as grain boundary failure. The model will be shown capable of handling crack tip constraint as well
as incorporating multiple mechanisms for brittle fracture initiation. The model will be applied and compared to fracture tests of
thermally aged welds from a decommissioned pressurizer from a Swedish nuclear power plant (Boåsen et al., 2020) and its main
features will be explored. The outline of the paper is as follows, Section 2 gives a brief account of the fracture tests, as well as
the modeling of the same, Section 3 presents the foundation of the probabilistic model and the model assumptions, Section 4
presents a micro mechanical study of polycrystalline aggregates in order to motivate the failure characteristics of grain boundaries,
Section 5 presents an application of the model to experiments and explores the model behavior, and finally the paper is concluded
by a discussion of the model and the results in Section 6.
2. Material, experiment and fracture modeling
2.1. Material and experiment
The experimental series considered in this study can be found detailed in Boåsen et al. (2020), however a brief review will also
be given here.
The materials considered in this paper are two low alloy steel welds from the Ringhals nuclear power plant in Sweden, one
thermally aged material subjected to 345 ˝ C for Ì215 000 h, and a reference material that has been subjected to 310–315 ˝ C for
Ì176 000 h. Even though the difference in operating temperature and time may appear minute, the effects of ageing are distinct, the
embrittlement due to operation of the reference material is considered small or close to negligible in comparison to the thermally
aged material. From here onward the thermally aged material will be denoted R4PRZ and the reference material R3RPVH.
The main emphasis of the experiments were the constraint effect on the brittle fracture toughness and how the constraint
sensitivity would be impacted by embrittlement due to thermal ageing. To elucidate this, fracture test series with different crack
tip constraint were conducted at temperatures where the high constraint fracture toughness of the two materials would coincide.
The fracture test series was composed of T–S oriented, SEN(B)-specimens with dimensions W = 30 mm, B = 15 mm, and
a_W = {0.5 and 0.1} i.e. both deep and shallow cracks. Deep corresponding to a state of high crack tip constraint and shallow
for low crack tip constraint. Also included was a series of smaller specimens to be used as a size effect reference with, W = 14 mm,
B = 7 mm, and a_W = 0.5. The temperatures that were chosen to yield similar brittle fracture toughness were *50 ˝ C and *90 ˝ C
for R4PRZ and R3RPVH respectively.
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Fig. 1. Experimental fracture test results of the thermally aged R4PRZ and the reference R3RPVH. Results pertaining to high constraint specimens (a), low
constraint specimens (b), and small specimens (c). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)

The reference temperature T0 was determined from the fracture test results according to ASTM E1921 (ASTM, 2019a) to be
T0R4PRZ = *33 ˝ C and T0R3RPVH = *78 ˝ C, i.e. a T0 = 45 ˝ C. The fracture tests of R4PRZ revealed a bimodal toughness distribution
as seen in Fig. 1, where the effect on the specimens with shallow cracks was strong, as can be seen in the rank probabilities
for the experimental data in Fig. 1. The rank probability of failure was estimated using the median rank according to Benard’s
i
approximation as Prank
= (i * 0.3)_(N + 0.4), where N is the number of specimens and i is the specimen in the series from 1
i . Fractographical investigations revealed that initiation of fracture in the more brittle specimens (low
to N corresponding to Prank
toughness) of R4PRZ, e.g. the first five specimens in Fig. 1(b), was exclusively from grain boundaries. In the specimens with
higher fracture toughness, the brittle/cleavage fracture was preceded by ductile growth and was initiated partly from second phase
particles and partly from grain boundaries. This revealed that two mechanisms exist in the microstructure and both can initiate
brittle fracture. The testing of R3RPVH uncovered a unimodal toughness distribution with cleavage fracture initiation from second
phase particles. It should be mentioned that small portions of intergranular features was found in a few specimens of the R3RPVH
as well.
The experimental series also included ductile fracture tests that were conducted on the upper shelf at a temperature of 75 ˝ C
using SEN(B)-specimens with side-grooves to promote uniform growth along the crack front. The specimen dimensions were W =
30 mm, B = 15 mm, BN = 12 mm, and a_W = 0.5. The ductile initiation fracture toughness was determined to JIC = 338 kN/m for
both materials at 75 ˝ C.
2.2. Fracture modeling
Models of the experiments for both the development of the multiple mechanism weakest link model and the ductile failure
tests were set up as finite element (FE) models. These were generated with meshes containing 32 500–47 000 elements for models
pertinent to both the ductile fracture and brittle fracture experiments. Eight noded hexahedral elements with reduced integration
was used in all models, and due to symmetry, only a quarter of the three point bend specimen was modeled with 12 elements
through the thickness. An overview of the FE-models can be seen in Fig. 2. The elastic–plastic material behavior was modeled
using the Gurson model for porous plasticity (Gurson, 1977) with the plastic potential under isotropic strain hardening as
0
1 ⇠
0 12
⇡
2
3 q2 m
e
=
+ 2 q1 f cosh
* 1 + q1 f
= 0.
(1)
2
f
f

Here e is the von Mises equivalent stress, m is the mean stress, f is the material flow strength, f is the void volume fraction, and
q1 and q2 are parameters introduced by Tvergaard (1981, 1982) to improve model predictions. The parameters q1 and q2 will here
be taken as proposed by Faleskog et al. (1998). The evolution of the void volume fraction during plastic straining is divided in two
terms, one defined by dilatational deformation fÜm and one defined by deviatoric deformation fÜs , i.e. fÜ = fÜm + fÜs . Contributions
from nucleation due to plastic straining is also included but is split into the aforementioned categories as will be shown below. The
evolution of the void volume fraction due to dilatational deformation is given by
p
fÜm = (1 * f ) "Ü kk + fÜmnucleation ,
p
"Ü kk

(2)

where
is the volumetric part of the plastic strain increment. The evolution of the void volume fraction due to deviatoric
deformation was first introduced by Nahshon and Hutchinson (2008) as a shear modification to the original Gurson model and
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Fig. 2. (a) Schematic illustration of model symmetries and dimensions corresponding to experimental specimens, (b) illustration of finite element discretization,
(c) close up of fine mesh region surrounding the vicinity of the crack tip.

is given by
p

fÜs = k! f !

sij "Ü ij
e

(3)

' (T ) + fÜsnucleation .
p

Here k! is a model parameter that sets the strength of the deviatoric damage evolution, sij is the stress deviator, "Ü ij is the incremental
plastic strain tensor, ! is a measure of the stress state that is unity for a pure shear stress state with a smooth transition to zero as
the stress state transitions to pure tension or compression. It is given by
H
I2
27J3
!=1*
,
(4)
2 e3
where J3 is the third invariant of the stress deviator. The function ' (T ) penalizes the deviatoric damage evolution for high stress
triaxialities T and was introduced by Nielsen and Tvergaard (2010) as the shear modification of the void volume fraction tends to
overestimate the contribution at moderate to high stress triaxialities T . The function ' (T ) is here taken as
1 1
* tanh  T * T! ,
(5)
2 2
which is unity for low values of T and transitions smoothly to zero depending on  and T! . In this case,  was calculated so that
90% of the transition from unity to zero would occur over the interval specified by T90 , the relation becomes  = 1.4722195_ T90 .
The contribution to the void growth as a result of nucleation due to plastic straining is expressed as
' (T ) =

(6)

fÜ nucleation = D"ÑÜ p ,

where "ÑÜ p is the matrix equivalent plastic strain rate which is related to the aggregate equivalent plastic strain rate as "ÑÜ p =
⇧
p ⌅
ij "Ü ij _ (1 * f ) f . This enables the separation into dilatational and deviatoric contributions as
fÜmnucleation = D
fÜsnucleation = D

p
kk "Ü kk

3 (1 * f )
p
sij "Ü ij
(1 * f )

f

f

.

,

(7)
(8)

Here D is the parameter for strain-controlled void nucleation at the current accumulated level of matrix equivalent plastic strain
"Ñ p , which in this case is taken as a log-normal distribution as
L
M2
`
a
p
fN
1 ln "Ñ _"N
s.
D=
(9)
˘ exp r*
r
s
2
sN
"Ñ p sN 2⇡
p
q
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The parameter fN is related to the volume fraction available for nucleation, "N t
and sN are the distribution parameters and relates
to the mean and the standard deviation as " = "N exp s2N and sD = "N exp s2N
exp s2N * 1, respectively. In the first formulation
of strain controlled nucleation of voids by Chu and Needleman (1980) a normal distribution was employed. The present choice
was made for two reasons (i) the normal distribution is defined for infinitely large negative plastic strains, and (ii) the underlying
distributions of potential void forming features, such as second phase particles e.g. carbides, tend to be well described by a log-normal
distribution.
As the void volume fraction f increases, the load carrying capacity will be reduced due to a material softening. This will give rise
to mesh dependent solutions (cf. Zienkiewicz and Taylor, 1991). One solution to this issue in earlier studies of fracture modeling
employing the Gurson model has been by use of careful mesh design where the element size becomes a material parameter, cf.
Xia and Fong Shih (1995), and Gao et al. (1998). Another solution to this issue is suggested by Tvergaard and Needleman (1995)
where the void volume fraction is regularized by integration over a certain length scale which yields mesh independent results. A
third solution is exemplified by Nguyen et al. (2020) where a non-local micromorphic continuum theory is used in conjunction with
the Gurson model, in their model the plastic strains are non-local variables which are then used to form the increment in the void
volume fraction.
In the formulation presented here, the integration of void volume fraction is used where the dilatational and deviatoric
components of the increment in the void volume fraction are regularized over separate length scales, Rm and Rs respectively. This
is carried out as
fÑÜm =
fÑÜs =
where

1
Wm Xk

V

1
Ws X k

Wi Xk =

V

V

fÜm XÇ k wm Xk * XÇ k dV ,

(10a)

fÜs XÇ k ws Xk * XÇ k dV ,

(10b)

wi Xk * XÇ k dV .

(11)

Here subscript i corresponds to the dilatational and deviatoric damage processes. The function wi Xk assumes the value of unity
if Xk * XÇ k Õ Ri and zero if Xk * XÇ k > Ri , where Ri is the dilatational length scale Rm in (10a) and the deviatoric length scale
Rs in (10b). In this study, the wi -function is a constant function over the non-local length scales, however, it can be readily chosen
as a weight function as done by Tvergaard and Needleman (1995) or as for the non-local stress integration by Kroon et al. (2008).
Note that fÑÜi will be equal to the local fÜi in the limit where Ri ô 0. The integration is carried out in the reference configuration.
The increment in void volume fraction used in all computations is the sum of the non-local increments as fÜ = fÑÜm + fÑÜs .
The reason for choosing this modeling approach was due to the mesh refinement needed for resolving the crack tip fields
appropriately for the weakest link modeling. For instance, incorporating the constitutive length scale in the mesh design will not
be able to resolve the fields accurately enough as this would yield too large elements for weakest link calculations, making the
integration method more suited for the problem. The non-local regularization was initially carried out using a single length scale for
the increment in void volume fraction. However, this proved to be problematic since the crack growth would consistently initiate
some distance ahead of the crack tip and, in some cases depending on the choice of parameters, leave a small ligament of load
carrying elements close to the crack tip. By separating the regularization into dilatational and deviatoric contributions to the void
volume fraction, these problems could be avoided altogether.
As voids grow to a critical size during plastic straining, the load carrying capacity of the material point is diminished due to the
coalescence of voids. This final process of void growth and failure is not captured by the Gurson model, instead the yield condition
is evaluated using the modified void volume fraction f < as introduced by Tvergaard and Needleman (1984) to account for the rapid
increase in the void volume fraction during coalescence as
T
f
for f Õ fC
f< =
(12)
1_q *f
fC + f 1*f C f * fC
for f > fC
E

C

where fC is the critical void volume fraction at the onset of coalescence and fE is the void volume fraction at total loss of load
carrying capacity.
The incremental constitutive model has been implemented in the commercial software Abaqus as a VUMAT. Further details about
the model implementation and behavior will be not be elaborated on here. Regarding the boundary conditions of the FE-models,
symmetry conditions were prescribed on the planes X2 = 0 and X3 = 0 by enforcing u2 = 0 and u3 = 0, respectively. The top roller
support of the SEN(B)-specimen set up was modeled by enforcing u1 = 0 at the three top node rows in the plane X2 = 0. The load
was introduced by applying a constant velocity v1 = vÑ 1 at {X1 = 0, X2 = 2W }, vÑ 1 was specified at a level to achieve a solution
judged to be close to quasi-static. All models were solved using large deformations. In Abaqus Explicit, the J -integral cannot be
calculated by the built in routines. Instead, the J -integral was calculated from the force-load line displacement relation according
to the methodology supplied in ASTM E1820 (ASTM, 2019b) along with the relation for the plastic ⌘-factor for shallow cracks from
Faleskog et al. (2004).
The material flow strength was inferred from tensile tests of the weld metals and was fitted to a Voce-like hardening law on the
form
⌅
⇧
p
p
(13)
f = 0 1 + ↵f "Ñ + f 1 * exp (* f "Ñ ) ,
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Fig. 3. Comparison of crack growth predictions and experimental fracture test results at test temperature 75 ˝ C. (a) Thermally aged R4PRZ, (b) reference
R3RPVH. Note, these data sets were used for parameter calibration. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

Fig. 4. Comparison of crack growth predictions and experimental fracture test results at test temperatures *50 ˝ C and *90 ˝ C. (a) Thermally aged R4PRZ, (b)
reference R3RPVH. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

where 0 , ↵f , f and f are parameters that can be found in Table 1.
The parameters of the porous plastic model were calibrated from the ductile fracture tests at 75 ˝ C, and then used to make
predictions which were compared to the fracture test results at *50 and *90 ˝ C. The parameters can be found in Table 2. The same
model parameters pertinent to the porous plastic models were used for both materials. The comparison between experimental results
and model predictions can be seen in Figs. 3 and 4 for the ductile fracture tests and the brittle specimens subjected to ductile growth
prior to final brittle failure, respectively. A comparison between the force–displacement relation of the brittle fracture specimens
can be seen in Fig. 5. Models of different levels of discretization were used in the modeling of the pure ductile fracture tests and
the brittle fracture tests. The pertinent issue here is to note the resolution in the integrals of (10a) and (10b). For the length scales
in Table 2, the models used for the pure ductile simulations has a level of discretization that gives Ì20 elements/element for the
dilatational length scale and Ì3 elements/element for the deviatoric length scale, along the axis of crack propagation in the fine
mesh zone respectively. The corresponding numbers for the finer models used in the modeling of the brittle fracture tests are Ì28
elements/element for the dilatational length scale and Ì5 elements/element for the deviatoric length scale, along the axis of crack
propagation in the fine mesh zone.
In order to supply relevant boundary conditions for the micromechanical model in Section 4, the stress state ahead of the crack
tip in the relevant models will be analyzed. Any stress state can be described by its three principal stresses, or correspondingly by
a combination of the von Mises effective stress e , the triaxiality parameter, T = ( I + II + III )_(3 e ), and the Lode parameter,
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Fig. 5. Comparison of force–displacement predictions and experimental fracture test results at test temperatures *50 ˝ C and *90 ˝ C. (a) Thermally aged R4PRZ,
(b) reference R3RPVH. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Table 1
Model parameters used in the Voce-like hardening law.
Material

T _˝ C

R4PRZ
R3RPVH
R4PRZ
R3RPVH

75
75
*50
*90

0 _MPa

662.0
617.8
717.5
694.4

Table 2
Model parameters used in the porous plastic model.

↵f

f

0.3143
0.3393
0.4098
0.4772

0.1541
0.1772
0.2900
0.3600

f

20.97
24.89
16.09
21.6

Parameter

Value

Parameter

Value

Parameter

Value

q1
k!
fN
fC
Rm _ m
E_GPa

1.57
3.0
0.001
0.15
280
200

q2
T!
"N
fE
Rs _ m
⌫

0.974
0.9
0.03
0.2
50
0.3

f0
T90
SN

0.003
0.2
0.5

L = (2 II * I * III )_( I * III ), where the characteristics of the stress state is determined by the combination of T and L. The
maximum principal stress, the stress triaxiality and the Lode parameter were extracted ahead of the crack tip from the models of
the specimens used in the testing in order to understand the characteristics of the stress state. The maximum principal stress was
extracted rather than the von Mises effective stress since understanding of the highest stress and its location ahead of the crack tip
is central for brittle fracture. To capture the effect of crack tip constraint on the stress state ahead of the crack tip, models with the
crack size to width ratio a_W = {0.5, 0.1} were used.
The stress state in terms of the maximum principal stress I , the stress triaxiality T , and the Lode parameter L was extracted
ahead of the crack tip along the centerline of the specimen and can be seen plotted against the normalized crack tip coordinate in
Fig. 6(a-c). The specimen was loaded to levels that would not cause ductile crack growth, i.e. the solutions presented in Fig. 6 are
representative for those of a stationary crack. Fig. 6(d-f) shows the same quantities averaged over the interval 0.5 Õ r 0 _J Õ 2.0,
i.e. around the stress peak in Fig. 6(a-c), against the level of loading as defined through the J -integral. The difference in crack tip
constraint is clearly shown in Fig. 6(a) and (b) where the shallow cracked specimen has a less intense stress state than the deeply
cracked specimen. From subfigures (d-f) it is seen how the stress state undergoes a build-up period, reaching a close to constant
level over the load levels depicted. From this analysis it was found that the stress state in the region around the stress peak in deeply
and shallowly cracked SENB specimens could be characterized by T = {2.2, 1.9} and L = {*0.25, *0.4}, respectively.
3. Probabilistic model incorporating multiple failure mechanisms
In this chapter a weakest link model capable of handling multiple mechanisms for brittle fracture will be developed.
As brittle failure is an inherently probabilistic process by nature which typically can be traced back to a single micro crack nucleus
that developed into a self-sustaining brittle fracture, weakest link modeling is considered appropriate here. The basic weakest link
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Fig. 6. Stress state characteristics along the centerline in the crack plane of the SEN(B)-specimen. (a) Maximum principal stress normalized with 0 from Eq.
(13), (b) stress triaxiality T , and (c) Lode parameter L, (a-c) plotted at J = 50 kN/m. (d) Normalized averaged maximum principal stress, (e) averaged stress
Ñ (d-f) averaged over 0.5 Õ r 0 _J Õ 2.0 and plotted throughout the loading history.
triaxiality TÑ , (f) averaged Lode parameter L,

assumption can be summarized as: the volume of a structure can be divided into infinitesimal elements, complete failure of the
structure occurs if one of these elements fail. It will be assumed that one of two possible failure mechanisms may be activated
within each element, specifically grain boundary or particle initiated failure. However, the following framework can readily be
extended to a multitude of mechanisms. The nature of the problem allows for the expression of the probability of failure to be
derived by assuming either statistical independence or mutual exclusivity among the failure mechanisms. If statistical independence
is assumed, the probability of failure of an infinitesimal element can be written as P (A ‰ B) = P (A) + P (B) * P (A) P (B), which
together with the assumption of small failure probabilities of each element becomes subject to P (A) P (B) ˘ 0, resulting in the
probability of failure of an element as P (A ‰ B) = P (A) + P (B). Mutual exclusivity implies that even though multiple mechanisms
are probable to cause brittle fracture initiation, only one mechanism will initiate and cause the resulting failure, i.e. either the one
or the other. Therefore, the probability of failure of an infinitesimal element can be written as P (A ‰ B) = P (A) + P (B), and thus
P (A „ B) = 0. This results in a weakest link expression as
0
1
dV
Pf = 1 * exp *
hA + hB
,
(14)
V0
V
where hA and hB are the hazard functions for the different micro mechanisms of failure. The connection between the physical
behavior of the micro mechanism and the probabilistic model is described through the functions hi ( , "), which can be interpreted
to be related to the number of potential brittle crack initiators available at the current load level. The superscript i is used to signify
a specific micro mechanism. The model developed here takes inspiration from the work by Kroon and Faleskog (2002) and can be
seen as a development of that model. In their work, the function h was divided into two separate parts as h = h1 ("Ñ p ) h2 ( Ñ ), where
h1 is related to the formation of micro cracks and is representative of the number of micro cracks at that level of plastic strain,
while h2 is related to the propagation of a critical micro crack leading to macroscopic failure. In previous studies (Faleskog et al.,
2004; Kroon et al., 2008; Boåsen et al., 2019) where this model has been applied, the failure probability was calculated from the
maximum value of h during the load history leading up to the current load step. This choice makes the implementation straight
forward and relatively simple, however it leaves the interpretation of h ambiguous in some cases. For example, if the micro crack
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nucleation rate would decrease with increasing plastic strain, the model would still predict an increasing probability of failure. Also,
a micro crack needs to be nucleated in a region of high stress such that it keeps propagating until it can become self-sustaining.
It is less likely that brittle fracture will occur from an arrested micro crack, which a model with hmax suggests. For this reason, an
incremental formulation for h1 is proposed as
"Ñ p

hi1 =

0

g1i "Ñ p d"Ñ p ,

(15)

where g1 is related to the rate of nucleation of micro cracks. Combined with h2 , the expression for h becomes
"Ñ p

hi =

0

g1i "Ñ p hi2

"Ñ p

d"Ñ p .

(16)

This expression allows for unambiguous interpretations of the nucleation rate and that a micro crack must indeed nucleate in a
region of high stress in order to propagate as a cleavage crack. Experimental observations by McMahon and Cohen (1965), Lindley
et al. (1970), and Gurland (1972) prompted Kroon and Faleskog to use a linear function for h1 which in this framework translates
to a constant g1 . The case of a linear h1 –function has been shown to work well in the case of particle initiated cleavage. A viable
choice of g1 for intergranular failure will be developed in Section 4. The function h2 will for both mechanisms be taken to be on
the same form as in the original model, i.e. through an assumption of an exponential micro crack size distribution as
H 0
h
12 I
i
⌘ th
n
* exp *⌘ 2
nexp *
Ñ
hi2 ( Ñ ) = l
n
i
n0 for Ñ Õ th .
j

for Ñ >

i ,
th

(17)

i is the threshold stress below which brittle fracture is not possible, Ñ is a non-local measure of stress. The parameter ⌘
Here, th
is a distribution parameter which has been shown to have little significance in practical applications and ⌘ will be taken as unity
throughout this study as per the suggestions in Kroon and Faleskog (2002). The non-local stress measure Ñ in (17) is calculated
from the non-local stress tensor Ñ ij , which is calculated as the volume average over the volume VL with radius L as

Ñ ij =

1
VL

ij (Xk

VL

* XÇk ) dVÇ ,

(18)

where X = X1 , X2 , X3 are the coordinates of the center of VL and L Œ Xk * XÇk . Note that Ñ ij will be equal to the local ij in the
limit of L ô 0 or if the stress state in VL is homogeneous. The non-local stress measure Ñ can then readily be calculated from the
principal stresses of the non-local stress tensor as
Ñ =

(n + 1) Ñ I + Ñ II + Ñ III
,
n+3

(19)

which is the effective normal stress measure, introduced in Boåsen et al. (2019), where the parameter n can be used to obtain a
measure of normal stress that ranges between the mean stress when n = 0 and the maximum principal stress when n ô ÿ. Note the
ordering of the principal stresses Ñ I Œ Ñ II Œ Ñ III . In this study, n ô ÿ was chosen, resulting in the maximum principal stress in order
to reduce the parameter space.
At significant plastic straining related to the ductile failure process potential brittle fracture initiators may cause a void to form
rather than initiating a brittle fracture nucleus. Either by particle debonding or by microcrack arrest of a grain boundary crack. A
method to account for this process in the modeling of brittle fracture was laid out by Xia and Fong Shih (1996). By considering
the conditional probability of brittle fracture occurring given that no void has nucleated, the brittle fracture probability given the
probability of void nucleation can be written as
i
i
Pbrittle
= Pbrittle

novoid

1 * Pvoid ,

(20)

i
i
where Pbrittle
is the brittle fracture probability, Pbrittle

novoid

is the brittle fracture probability where no account is taken of void

nucleation, and Pvoid is the void nucleation probability. Taking this into account for the total failure probability alters the expression
in Eq. (14) to
0
1
dV
Pf = 1 * exp *
hA + hB 1 * Pvoid
.
(21)
V0
V
Here it is assumed that both brittle mechanisms are affected in the same way where Pvoid is related to the nucleation of voids due
to plastic straining as introduced in Section 2.2, which is expressed as
Pvoid =

1
fN

"Ñ p
0

D "Ñ p d"Ñ p .

(22)

The mechanisms of interest in this study are as observed experimentally in Section 2.1, namely brittle intergranular and
transgranular cleavage fracture. In the weakest link modeling carried out in the remainder of the paper transgranular cleavage
will be represented by mechanism A and brittle intergranular fracture will be mechanism B.
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Fig. 7. Tesselations of grain structures. (a) and (b) corresponds to the equiaxed grain structures, where cv = {0.2, 0.4} respectively. (c) and (d) corresponds to
the dendritic grain structures, where the aspect ratio of the grains corresponds to 0.05 and 0.1 respectively. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

4. Modeling of grain boundary failure
Micro mechanical modeling of polycrystalline aggregates has been considered in order to study and motivate the micro crack
nucleation rate from grain boundaries subjected to a stress state relevant to that of a material point ahead of a deforming crack tip.
As a multi-layer weld is considered in this study, the grain structures have been divided into representative volume elements (RVEs)
of equiaxed grains and dendritic grains. The grain structure models considered here were made using the open-source software
Neper (Quey et al., 2011). The equiaxed grain structures were made using a constrained tesselation to yield a log-normal grain
size distribution with a specific coefficient of variation cv = s_ , and a log-normal grain sphericity distribution in order to achieve
the equiaxed structure. The dendritic grain structures were constructed from tessellations with specific grain aspect ratios, asp =
width/length. The grain structures considered in this study contain 1000 or 800 grains with random crystallographic orientation.
For simplicity the equiaxed and dendritic structures were separated into individual models as depicted in Fig. 7.
4.1. Crystal plasticity
The analysis of the RVEs has been carried out using the crystal plasticity framework offered in the open-source software
DAMASK (Roters et al., 2019). The crystal plastic framework in DAMASK is a modification of the phenomenological model
introduced by Hutchinson (1976) to accommodate the slip systems of bcc crystals. The framework incorporates slip on 12 {110}Í111Î
and 12 {112}Í111Î systems, respectively, which are parameterized by the slip resistances s↵ (↵ = 1, 2, … , 24). The resistance is
asymptotically increased from the initial critical resolved shear stress s↵0 towards the saturation stress s↵ÿ due to shearing on the slip
systems
( = 1, 2, … , 24) as
sÜ ↵ =

0
1
a
Û
s ÛÛ
s
Û
h0  Ü  Û1 * ↵ Û sgn 1 * ↵ h↵ ,
Û
sÿ ÛÛ
sÿ
Û
=1

24
…

(23)

where h0 and a are model parameters and h↵ are slip interaction parameters. Given a set of current slip resistances and a resolved
shear stress, the shear on each slip system evolves at a rate of
Û ⌧ ↵ Ûn
Ü ↵ = Ü 0 ÛÛ ↵ ÛÛ sgn (⌧ ↵ ) ,
Ûs Û

(24)

⌧ ↵ = Mp s↵s ‰ n↵s ,

(25)

where Ü 0 is the reference shear rate and n is the viscoplastic stress exponent. The resolved shear stress, ⌧ ↵ , on a specific slip system
is calculated as

where Mp is the Mandel stress in the intermediate plastic configuration, s↵s and n↵s are the unit vectors along the slip direction and
the slip plane normal, respectively. The sum of all individual shear contributions on all slip systems defines the plastic velocity
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Fig. 8. Illustration of the principal axes of the RVE. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)

gradient, Lp , as
Lp =

24
…
i=1

Ü ↵ s↵s ‰ n↵s .

(26)

The elastic behavior is described by the generalized Hooke’s law subjected to cubic symmetry, hence three independent parameters
c11 , c12 and c44 describes the elastic properties of the microstructure. The elastic properties were chosen with anisotropy according
to Hirth and Lothe (1982), but scaled to yield a homogenized Young’s modulus of 200 GPa.
To study the crack initiation from grain boundaries using the models depicted in Fig. 7, appropriate boundary conditions relevant
to the analysis are needed. However, applying displacement boundary conditions to achieve such a state in a finite deformation
elastic–plastic analysis poses a problem as the volumetric behavior will change when the plastic deformation starts to dominate
the solution. To overcome this issue, the RVEs are subjected to straining such that the macroscopic stress ratios over the RVE are
kept constant through nonlinear kinematic constraints. Moreover, the sides of the model are constrained to remain straight and
perpendicular during deformation. This is achieved through constraining the RVEs by a multi point constraint (MPC) in Abaqus.
The procedure for this type of constraint was introduced by Faleskog et al. (1998) since then the methodology has been successfully
applied in various formulations in several studies such as Kim et al. (2004), Barsoum and Faleskog (2007), Vadillo and FernándezSáez (2009), Dæhli et al. (2016), Liu et al. (2016) and Dæhli et al. (2017). This methodology makes it possible to supply the
characteristics of the stress state in terms of the triaxiality parameter T and the Lode parameter L.
In order to estimate the crystal plastic model material parameters in Table 3, a model with T = 1_3 and L = *1 was utilized
and compared to uniaxial tensile test data (before necking). The von Mises effective stress and strain used for the comparison was
readily calculated from the macroscopic principal stresses and strain increments acting over the RVE as
t
2
2
2
1
⌃e = ˘
⌃I * ⌃II + ⌃II * ⌃III + ⌃I * ⌃III ,
(27)
2
p
Ee

=

t
0

˘ t
2
p
p
EÜ I * EÜ II
3

2

p
p
+ EÜ II * EÜ III

2

p
p 2
+ EÜ I * EÜ III dt,

(28)

where the principal axes are illustrated in Fig. 8. The constitutive crystal plastic model parameters were tuned until the model
response was comparable to uniaxial tensile test data. The comparison between model response and tensile test data can be seen in
Fig. 9. All parameters used in DAMASK can be found in Table 3.
4.2. Grain boundary stress state and micro crack nucleation
This section is dedicated to the study of grain boundary failure and its connection to the weakest link model, i.e. mechanism B
in the model presented in Section 3. The simulations pertinent to the investigation of the grain boundary cracking were run with
boundary conditions enforcing T = {2.35, 2.2, 2.05, 1.9, 1.75} and L = *0.25. Early on in the investigation it was realized that
the stress triaxiality T had a significant influence on the grain boundary stress state while the Lode parameter L had a negligible
influence. Therefore, a range of stress triaxialities was chosen to enclose the values found in the analysis in Section 2.2 to be used
as boundary conditions in the analysis of the polycrystalline aggregates.
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Fig. 9. Comparison between homogenized ⌃e -Ee over the RVE and the experimental flow stress–strain relation as inferred from a tensile test.
p

Table 3
Model parameters used in crystal plasticity model.
Parameter

Value

Parameter

Value

h0 _MPa

2700.0

n

50.0

h↵

1.4

a

15.0

s↵0 _MPa

290.0

c11 _GPa

184.0

s↵ÿ _MPa

1850.0

c12 _GPa

107.0

_s*1

0.001

c44 _GPa

93.0

Ü0

The initiation of a micro crack from a grain boundary capable of participating in a brittle failure event has been analyzed through
assuming that the grain boundary strength can be associated to a surface energy, s . The driving force to nucleate a micro crack
at a grain boundary facet is assumed to be governed by the Griffith criterion (Griffith, 1921; Anderson, 2005), which relates the
surface energy s to a critical stress c . Here, s is viewed as an effective surface energy also including some plastic dissipation
representative of grain boundary separation. For practical purposes, the shape of the grain boundary crack will be in the form of
an internal elliptic crack, characterized by the grain boundary area AGB and its aspect ratio  = a_c, where a and c are the minor
and major axis respectively. This yields the following expression for the grain boundary strength,

c

⇠ ˘
⇡
`
1.15 E
r 2 1_  + 1.464
=r
⇡ 1 * ⌫2
r
p

a

ss

s
s
q

1_2

0

⇡
AGB

11_4

,

(29)

where the stress intensity solution was taken from Newman and Raju (1981). The surface energy used to compute the critical stress
Ñ where dÑ is the mean radius of the grains calculated from the volume by
will be presented normalized according to Ñ = s _(E d),
assuming grains of spherical shape.
As detailed in Section 3, the relation between the incremental failure probability in a sub-volume of the structure and the physical
process resulting in brittle fracture is described through the function h, which itself is divided into two parts, h = h1 ("Ñ p ) h2 ( Ñ ). The
first part is related to the number of micro cracks at a given level of plastic strain, which here will be formed on the basis of the
nucleation rate, being the key issue in this analysis. Thus in the post-processing of the grain structure models, the normal stress
component of the tractions, n , between two grains is compared to the strength, c , of that specific grain boundary to determine
whether failure has occurred. If failure occurs, then that specific grain boundary is added to the cumulative number of failed grain
boundaries not to be regarded in the subsequent load history. If failure does not occur, then it will be eligible for failure at a later
stage in the load history. The main drawback of such an analysis it that even though a boundary has failed it will continue to
carry load, as opposed to cohesive zone modeling where a load redistribution would occur at the moment of failure. However, it is
presumed that this type of analysis can be justified for the understanding of h as long as the number fraction of grain boundaries
considered to be critical is low. To achieve this, Ñ = 3.5 10*5 was chosen and used throughout.
The fraction of critical grain boundaries, i.e. the accumulated number of grain boundaries that has exceeded the critical stress,
normalized by the total number of grain boundaries in the analysis for all the considered models can be seen in Fig. 10. It is clear that
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Fig. 10. The accumulated number fraction of critical grain boundaries in the models pertaining to (a) cv = 0.2, (b) cv = 0.4, (c) asp = 0.05, and (d) asp = 0.1.
Each line represents a solution where the stress triaxiality T belongs to the set {2.35, 2.2, 2.05, 1.9, 1.75}.

the fraction of critical grain boundaries appears to accumulate with the same characteristic in all models. That is, no critical grain
boundaries during initial elastic straining followed by a rapid increase which more or less stabilizes at increased plastic straining. The
overall accumulated number of critical grain boundaries is directly dependent to the surface energy Ñ . However, the characteristic
of the accumulation of critical grain boundaries remains, to a large extent, the same for a reasonable range of Ñ . The data plotted
in Fig. 10 is considered to be proportional to the h1 -function of the weakest link model, i.e. the resulting g1 -function would need
to be decreasing with respect to plastic strain. By choosing a form of g1 that results in the following expression for h1
h1 = c

"p

1
d"p ,
"0 1 + "p _"0

(30)

a least square fit of c and "0 with a resulting R2 = 0.99 or better is achieved for all levels of triaxiality. Indicating that
g1 = c_ "0 1 + "p _"0 is a good candidate for the grain boundary failure mechanism. This functional form was chosen since a
logarithmic dependency between the accumulated number of critical grain boundaries and the plastic strain was observed from the
analysis. The parameter "0 was introduced to avoid the singularity at zero and can be seen as a shape parameter for the logarithmic
behavior of g1 , a smaller value will yield a sharper behavior and a larger value will yield a smoother behavior.
In Fig. 11 the average normal stress n acting on each grain boundary in the equiaxed model is visualized, where the model
with cv = 0.4 has been used. The stress state is plotted at a global plastic strain "p = 0.005. In Fig. 11(a), n is plotted against the
grain boundary misorientation ✓, calculated according to Randle (1993). In Fig. 11(b), n is plotted against the polar angle between
the grain boundary normal and the normal of the global maximum principal stress acting over the RVE. Lastly, in Fig. 11(c), n
is plotted against the grain boundary area normalized with the mean grain boundary area. In Fig. 11(c), the Griffith criterion is
also illustrated where grain boundaries exceeding the critical stress are colored red as opposed to the non critical which are colored
black. This color coding applies to all subfigures. Clearly, the results in Fig. 11(b) shows that grain boundaries with a normal
aligning with the maximum principal stress appears to be more prone to failure. The results in Fig. 11(a) are not as clear, i.e. no
strong coupling between the failed grain boundaries and the grain boundary misorientation appears to be seen. The results for the
other models considered are similar to the results shown in Fig. 11, which is why they are not shown here.
At this juncture, it is of interest to find out how the crystal microstructure influences the local normal stress at the grain
boundaries in relation to the normal stress obtained from the global stress state corresponding to the grain boundary normal. This
is shown in Fig. 12 where the average normal stress at each grain boundary is normalized by the normal stress obtained from the
global stress state. This means, if the ratio n _⌃N is unity, the grain boundary stress is fully controlled by the global stress state,
while any deviation from unity indicates an influence of the crystal microstructure. From this figure, it can be observed that the
ratio does not deviate much from unity in the vast majority of the grain boundaries in the model. If the variation around unity in
Fig. 12 can be neglected, an analytical model for grain boundary failure may suffice. Such a model will be developed next.
4.3. Analytical model for grain boundary crack nucleation
Consider a volume akin to the models in Section 4.2 subjected to a stress state defined by T , L and
stresses can be expressed as
H
I
3*L
,
I = e T + ˘
3 L2 + 3
H
I
2L
,
II = e T + ˘
3 L2 + 3

e.

Then, the principal
(31)
(32)
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Fig. 11. Illustration of the grain boundary normal stress n as a function of (a) grain boundary misorientation, (b) the polar angle in degrees from the maximum
principal stress direction, and (c) the grain boundary area normalized by the mean grain boundary area, here is also the Griffith criterion illustrated. Note the
color coding where red indicates a critical grain boundary and black indicates a non-critical grain boundary. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

Fig. 12. Histogram of the distribution of the grain boundary stress normalized by the global stress (over RVE) projected on the grain boundary normal. In
perfect isotropy, all bars would align at unity. The standard deviation of the datasets is GB = {0.087, 0.097, 0.087, 0.084}, respectively for cv = 0.2, cv = 0.4,
asp = 0.05 and asp = 0.1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

H
III

=

e

3+L
T* ˘
3 L2 + 3

The effective stress

e

I
(33)

.

is specified as a flow strength relation on the form

e

=

ref

"p _"ref

m

where the plastic strain "p is used

as a loading parameter. The parameters were estimated to yield an as-similar response as the crystal model as possible. The grain
boundary areas are randomly drawn from a log-normal distribution (to emulate the same distribution as in the crystal models) and
the normals are taken as uniformly distributed over the unit sphere. The critical stress of each grain boundary is calculated in the

same manner as in the crystal models and the post processing regarding the accumulation of critical grain boundaries occurs in the
same way.

Considering a case with 5000 grain boundaries and distribution parameters for the area distribution corresponding to the crystal

models, the outcome seen in Fig. 13 results, which is compared to the outcome of the crystal models. It can be clearly seen that

the results from the crystal model is reproduced by the analytical model. By using the analytical model to investigate a wider range

of stress triaxialites the results in Fig. 14 are obtained. Interestingly, a threshold in the triaxiality below which no critical grain
boundaries can be found appears to emerge. By inferring a g1 -function from these results, the following expression can be used to
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Fig. 13. Comparison of the accumulated number fraction of critical grain boundaries between analytical model and the crystal models pertaining to (a) cv = 0.2,
(b) cv = 0.4, (c) asp = 0.05, and (d) asp = 0.1. Each line represents a solution where the stress triaxiality T belongs to the set {2.35, 2.2, 2.05, 1.9, 1.75}. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 14. The accumulated number fraction of critical grain boundaries calculated by the analytical model with the purpose of exploring the influence of the
stress triaxiality. Note the threshold effect in the lower end of the triaxiality axis.

reproduce the behavior with a R2 = 0.996
h
(T *Tth )2
nc î p
d"p
h1 = l " "0 (1+"p _"0 )
n0
j

for T > Tth ,
for T Õ Tth .

(34)

5. Application of probabilistic model to experiments
From the micro mechanical investigation in Section 4, two candidates for the g1 -function could be inferred for the grain boundary
mechanism in the weakest link framework detailed in Section 3. This section presents the estimation of parameters and application
to experiments of the micro mechanically informed weakest link model for multiple mechanism brittle fracture. The estimation of
parameters was carried out by minimizing the residual R = RI + RII using the Nelder–Mead simplex algorithm (Nelder and Mead,
1965), where superscript I and II relates to the high and low constraint experiments used in the estimation of model parameters.
The partial residuals RI and RII were computed as
RI =

NI
NII
…
…
i
i
[Prank
* Pf Jci ]2 , RII =
[Prank
* Pf Jci ]2 .
i=1

i=1

(35)

For details regarding the calculations pertinent to the weakest link model, the reader is referred to Faleskog et al. (2004), Kroon
et al. (2008) and Boåsen et al. (2019).
The length scales used to compute the non-local stress in (18) needs to be properly resolved over the mesh used in the FE-models.
With the models used for the weakest link calculations, the length scales reaches over Ì5 elements per element along the axis of
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Fig. 15. Comparison of the predicted failure probability with rank probabilities for the fracture tests (circles) of the reference material R3RPVH data set tested
at a temperature of *90 ˝ C. (a) subset where a_W = 0.5 and W = 30 mm, (b) subset where a_W = 0.1 and W = 30 mm, and (c) subset where a_W = 0.5 and
W = 14 mm. Subsets (a) and (b) were used for parameter estimation, subset (c) were used as validation of model predictions.
Table 4
Model parameters used in the weakest link model. (a) Single mechanism model for R3RPVH. (b) Multiple
mechanism model for R4PRZ.
Parameter

Value

(a)

c_V0
1012 _m3

75.995

(b)

c A _V0
1012 _m3

4.9254

Parameter

Value

Parameter

Value

th _MPa

2019.5

L_ m

50.0

A
_MPa
th

1921.6

L_ m

50.0

B
_MPa
th

1008.9

L_ m

50.0

Tth

0.808

(36a)

c B _V0
106 _m3

6.1724

"0 _10*8

1.1

(36b)

c B _V0
106 _m3

50.608

*8

1.1

"0 _10

crack propagation in the fine mesh region. The length scales used can be found in Table 4 and an overview of the models used can
be seen in Fig. 2.
Concerning the material used as a reference in this study, R3RPVH, the fracture toughness distribution appears to be unimodal.
Also, the cleavage initiation mechanism in the reference material was traced back to second phase particles. Therefore, a single
mechanism weakest link framework has been applied to the fracture tests of R3RPVH, i.e. a single, constant g1 -function was used
as g1 = c. The outcome of the parameter estimation and application of the model to the reference material, R3RPVH, can be seen
in Fig. 15. It is clearly seen that a single mechanism weakest link framework including the effect of potential void formation, is
capable of describing the fracture toughness distribution for the cases considered.
Regarding the aged material, R4PRZ, where two initiation mechanisms are able to initiate brittle fracture, i.e. grain boundaries
and second phase particles, the multiple mechanism weakest link framework needs to be used. For the transgranular mechanism a
constant g1A = c A was used just as for the reference material. Concerning the choice of g1 for the grain boundary mechanism, the
following two candidates have been found in Section 4 to describe the rate of critical grain boundaries per plastic strain
g1 = c

1
,
"0 1 + "p _"0

h (T *T )2
th
nc
g1 = l "0 (1+"p _"0 )
n0
j

for T > Tth ,
for T Õ Tth .

(36a)
(36b)

Here Eq. (36a) only depends on plastic strain and has two parameters to describe the rate of micro crack nucleation. Eq. (36b)
depends of both plastic strain and the stress triaxiality and has three parameters, where two are the same as the previous case and
the third is a threshold parameter in the stress triaxiality Tth . The importance of resolving the integral for the hazard function in
(16) throughout the loading history should be noted. Especially for the grain boundary mechanism, even with 500 load steps in the
FE-models, additional steps had to be added by linear interpolation of the pertinent fields before convergence was reached in the
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Fig. 16. Comparison of the predicted failure probability with rank probabilities for the fracture tests (circles) of the thermally aged R4PRZ data set tested at
a temperature of *50 ˝ C. (a) subset where a_W = 0.5 and W = 30 mm, (b) subset where a_W = 0.1 and W = 30 mm, and (c) subset where a_W = 0.5 and
W = 14 mm. Subsets (a) and (b) were used for parameter estimation, subset (c) were used as validation of model predictions. Note, in (b) figure inset shows
steep initial region of model prediction.

weakest link predictions. By considering both Eq. (36a) and (36b) the parameters pertinent to the weakest link model for multiple
mechanisms can be estimated. The parameters of the model can be found in Table 4, note the normalization of the parameter c
in Eq. (36a) and (36b). Interestingly, parameter estimates comes out the same with the exception of the parameter c in Eq. (36a)
and (36b). It was found that the prediction of the fracture toughness distribution appears to be rather insensitive to the choice of
g1 with respect to the proposed functions in this study. The model predictions are shown together with the experimental fracture
test results in Fig. 16, where (36a) was used. In Fig. 17 the model predictions together with the underlying mechanisms are
illustrated, where each mechanism is calculated as if being the sole mechanism, i.e. by a single mechanism weakest link expression.
It appears that the microstructurally informed weakest link model with multiple mechanisms for brittle fracture is able to describe
the bimodal toughness distribution of the thermally aged material with a remarkable accuracy. Fig. 18 shows model predictions for
SEN(B)-specimens with different sizes to illustrate the effect of size on the outcome of the model. It is clear that the intergranular
fracture mechanism is subject to a distinct size effect where it may be suppressed in its entirety if the specimen size is small enough.
On the other hand, if the specimen size is increased, the intergranular mechanism becomes more likely and will dominate given a
large enough geometry.
6. Discussion and concluding remarks
The study presented in this paper is pertinent to modeling brittle failure of ferritic steels with multiple failure mechanisms.
More specifically, aged low alloy steels in the case where the ageing introduces a second mechanism of brittle failure that alters
the fracture toughness distribution from being unimodal to bimodal. In this paper it is shown how a multiple mechanism weakest
link framework can be constructed to account for both intergranular and transgranular fracture. The mechanism for grain boundary
controlled fracture has been inferred from crystal plastic simulations, which when introduced into the weakest link model, has been
shown to be able to reproduce the fracture toughness distribution with a remarkable accuracy.
Regarding the crystal plastic models presented in Section 4, the modeling effort was carried out in order to motivate the choice
of the g1 -function that governs the nucleation behavior of grain boundary micro cracks in the weakest link model. This was carried
out by investigation of the grain boundary stress state which has been compared to a Griffith criterion for the critical stress. Another
modeling approach for similar problems is using a cohesive zone methodology for the grain boundaries. This makes it possible to
account for the local unloading due to the opening of a grain boundary crack, and its subsequent propagation in connecting grain
boundaries. It was judged that such a sophisticated model would be overreaching for the cases in this study, on one hand, the
investigation of the propagation would complicate the separation of nucleation and propagation. On another hand, the goal was to
investigate the accumulation of grain boundaries that would be prone to nucleate micro cracks as function of the overall stress and
strain state, where simplicity in the modeling effort was sought after. The Griffith criterion is normally used in analysis of crack
propagation. Here it is regarded to represent the first barrier that needs to be overcome in the process that triggers the formation of a
macroscopic brittle fracture, i.e. nucleation. It is here deemed that the transition from a micro crack to a self-sustaining macroscopic
brittle crack is subject to dissipation on a higher level than that related to the nucleation of the micro crack itself.
From the results of accumulated number fraction of critical grain boundaries, the characteristic of the accumulation as function
of plastic strain is the key result that is used in the choice of the g1 -function. The fact that all models appear to yield the same
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Fig. 17. Comparison of the predicted failure probability with rank probabilities for the fracture tests (circles) of the thermally aged R4PRZ data set tested at a
temperature of *50 ˝ C. Shown here is also the individual mechanisms calculated as if being single mechanism predictions. Note that the individual mechanisms
as illustrated here does not sum up to the actual multi mechanism prediction since they are computed as single mechanism predictions and are for illustration
purposes only. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 18. Model predictions showcasing the size effect of the multiple mechanism weakest link model. Note that the intergranular mechanism is suppressed for
the smaller geometry, and vice versa for the larger geometry. (a) Large specimen, W = 50 mm, (b) medium sized specimen, W = 25 mm, (c) small specimen,
W = 12 mm. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

characteristic stems from that the global stress state dictates the local grain boundary stress state, and also from the distribution of
the grain boundary areas. Both act to make it possible to construct the analytical model presented in Section 4.3. The analytical
model permits the investigation of a wider range of stress states, as the crystal models are very computational intensive and yields
only one stress state per simulation.
In Section 2.2 of this paper, the modeling of fracture toughness tests using FE-models and a porous plastic constitutive model
is presented. Even though by calibrating the model parameters at the higher temperature ductile tests at 75 ˝ C, the model is able to
predict the crack growth preceding the brittle fracture in the data sets at the temperatures *50 ˝ C and *90 ˝ C with satisfactory
accuracy. Indicating that the model parameters of the porous plastic model is quite insensitive to temperature in this range.
Regarding the void contribution from the strain controlled nucleation, which also controls the interplay between the ductile and
brittle fracture in this framework, it is assumed to include the contribution from both mechanisms capable of participating in the
brittle failure event. Second phase particles may either form a void due to particle cracking and subsequent crack arrest or by particle
debonding and the grain boundaries may also form a void by cracking followed by crack arrest. This is why the void mechanism
acts on both mechanisms in the final expression for the failure probability in Eq. (21). The parameter fN could likely be divided in
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two parts, one for the contribution of second phase particles and one for grain boundaries. However, as these contributions would
be small and close to inaccessible through physical measurements on the microstructure, it is deemed unnecessary and impractical
to make such a division.
The reference material appears to be well described by a single mechanism weakest link framework, with the inclusion of the
effect of the ductile mechanism. One key feature in the weakest link model developed by Kroon and Faleskog (2002) is the non-local
stress, which is intended to account for the barriers that must be overcome by a microcrack (e.g. grain boundaries) before it develops
into a self-sustaining macroscopic brittle fracture. In the estimation of parameters for the reference material and the aged material,
the length scale that is used in the non-local integration is the same for both materials. Something which appears reasonable since
the reference material should describe the aged material in an as manufactured state, having more or less the same microstructure
and thereby barriers to propagation.
The weakest link model describes the fracture toughness distribution with a remarkable accuracy and is well fitted to two data sets
used for parameter estimation. The fact that close to equal toughness predictions can be obtained with both g1 -functions presented
in (36a) and (36b) is most likely due to that the range in stress triaxiality T is too narrow in the experiments presented here. This
also indicates that solely relying on fracture test for calibrating the triaxiality threshold Tth might not he reliable. To elucidate the
effect of the stress triaxiality more clearly, experiments with specimen sets pertaining to more distinct differences in T are deemed
necessary. Thus for the predictions on fracture tests as presented here, the function g1 = c_ "0 1 + "p _"0 is deemed sufficient in
order to reduce the parameter space.
An interesting feature that emerges from the model is a significant size effect on the grain boundary mechanism such that the
grain boundary mechanism could be suppressed in its entirety. This comes out in such a way that larger specimens will be more
prone to result in grain boundary failure while smaller specimens might be close to or entirely without the mechanism. As is the case
in this study, the grain boundary mechanism is more brittle than the particle mechanism, which indicates that fracture toughness
testing on small specimens might be non-conservative, as the most brittle fracture mode might be obscured by the test method.
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